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Abstract
We consider n + 1 dimensional smooth Riemannian and Lorentzian spaces
satisfying Einstein’s equations. The base manifold is assumed to be smoothly
foliated by a one-parameter family of hypersurfaces. In both cases—likewise it
is usually done in the Lorentzian case—Einstein’s equations may be split into
‘Hamiltonian’ and ‘momentum’ constraints and a ‘reduced’ set of field equa-
tions. It is shown that regardless whether the primary space is Riemannian or
Lorentzian whenever the foliating hypersurfaces are Riemannian the ‘Hamilto-
nian’ and ‘momentum’ type expressions are subject to a subsidiary first order
symmetric hyperbolic system. Since this subsidiary system is linear and homo-
geneous in the ‘Hamiltonian’ and ‘momentum’ type expressions the hyperbolic-
ity of the system implies that in both cases the solutions to the ‘reduced’ set of
field equations are also solutions to the full set of equations provided that the
constraints hold on one of the hypersurfaces foliating the base manifold.
1 Introduction
Consider a pair (M, gab), whereM is an (n+1)-dimensional (n ≥ 2) smooth, paracom-
pact, connected, orientable manifold endowed with a smooth metric gab with signature
which is either Euclidean or Lorentzian. 1
Throughout this paper the geometry will be at the focus of our main concern. In
restricting the geometry we shall assume that Einstein’s equations
Gab − Gab = 0 , (1.1)
∗ email: racz.istvan@wigner.mta.hu
1All of our other conventions will be as in [7].
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holds, where, for simplicity, the source term Gab is assumed to have vanishing diver-
gence. Note that whenever we have matter fields satisfying their field equations with
energy-momentum tensor Tab and with cosmological constant Λ the source term
Gab = 8π Tab − Λ gab (1.2)
suits to the above requirements.
Concerning the topology of M we shall assume that the manifold M is foliated
by a one-parameter family of hypersurfaces, i.e. M ≃ R × Σ, for some codimension
one manifold Σ. In other words, then M possesses the structure of a trivial principal
fiber bundle with structure group R.
Note that this assumption is known to hold [3] for globally hyperbolic spacetimes
but we would like to emphasize that as the signature of the metric may not be
Lorentzian or even if it was, in deriving our key results, we need not to assume global
hyperbolicity of the pertinent spacetime. Our assumptions on topology of M are
known to be equivalent to the existence of a smooth function σ : M → R with non-
vanishing gradient ∇aσ such that the σ = const level surfaces Σσ = {σ}×Σ comprise
the one-parameter foliation of M .
Having the above generic setup it is natural to perform a 1+n decomposition. In
doing so first a conventional 1 + n splitting of (1.1) will be done by generalizing con-
ventional arguments (see, e.g. Section 2.4 of [2]). This 1+n splitting can be performed
on equal footing in both the Lorentzian and Riemannian cases yielding ‘Hamiltonian’
and ‘momentum’ type expressions, along with a reduced set of equations referred
as ‘evolutionary system’. By using the evolutionary system, a subsidiary system for
the constraint expressions is derived. A remarkable and unexpected property of this
subsidiary system is that regardless whether the metric of the imbedding manifold
is of Lorentzian or Euclidean signature—whenever the metric on the σ = const level
surfaces is Riemannian—it comprises a first order symmetric hyperbolic system that
is linear and homogeneous in the constraint expressions. This guaranties then that
the constraint expressions vanish identically throughout domains where solutions to
the evolutionary system exist provided that they vanish on one of the level surfaces.
These results are presented in Sections 2. Some useful relations are given in Section
3 and in the Appendix.
Having been a 1 + n type decomposition performed it is natural to ask whether
analogous type of simplifications of the reduced equations in a succeeding 1+ (n− 1)
splitting could also exist. The answer of this question requires—besides some obvious
additional restrictions on the topology of the base manifold—the identification of
those conditions which guarantee that the covariant divergence of the new source
term
(n)
Gab vanishes. The corresponding analysis is carried out in Section 4. The main
conclusion here is that even though a formal 1+(n−1) splitting could be performed,
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in general, there is no room to acquire additional new simplifications. What can be
done is nothing more than a redistribution of the simplifications associated with the
primary splitting of the original field equations.
The paper is closed in Section 5 by remarks on some of the implications of the
derived new results.
2 The 1 + n decomposition
This section is to show that a reduced set of the equations can be deduced from (1.1)
such that, regardless whether the metric of the imbedding manifold is of Lorentzian or
Euclidean signature, the solutions to this reduced system are also solutions to the full
set (1.1) provided that the ‘constraints’ hold on one of the σ = const level surfaces.
We are proceeding by separating the ‘evolution’ and ‘constraint’ equations by
adopting the strategy of the conventional 1 + 3 decomposition applied in spacetimes
with Lorentzian metric (see, e.g. [2]). In doing so denote by na the ‘unit norm’
vector field that is normal to the σ = const level surfaces. To allow the simultaneous
investigation of both spaces with either Euclidean or Lorentzian signature and timelike
or spacelike level surfaces the sign of the norm of na will not be fixed, i.e. it will be
assumed that
nana = ǫ , (2.1)
where ǫ takes the value −1 or +1.
The induced metric hab and the pertinent projection operator hab on the level
surfaces of σ : M → R are then given as
hab = gab − ǫ nanb , and h
a
b = g
a
b − ǫ n
anb , (2.2)
respectively.
Denote by Eab the left-hand-side of (1.1), i.e.
Eab = Gab − Gab , (2.3)
and define the ‘Hamiltonian’ E
(H)
and ‘momentum’ E
(M)
b expressions as
E
(H)
= nenfEef , and E
(M)
b = n
ehf bEef , (2.4)
respectively. Then, we have
Eab = h
e
ah
f
bEef + ǫ [naE
(M)
b + nbE
(M)
a ] + nanbE
(H)
. (2.5)
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Choose now as our ‘evolutionary’ system the combination
E
(EVOL)
ab = h
e
ah
f
bEef − κ hab E
(H)
= 0 , (2.6)
where κ is some constant. Then, by combining (2.5) and (2.6), we get
Eab = ǫ [naE
(M)
b + nbE
(M)
a ] + [(1− ǫ κ) nanb + κ gab]E
(H)
. (2.7)
Taking now the ∇a divergence of (2.7) and using our assumption concerning the
vanishing of the covariant divergence ∇aGab, along with the twice contracted Bianchi
identity we get
ǫ (∇ana)E
(M)
b + ǫ (n
a∇aE
(M)
b ) + ǫ (E
(M)
a ∇
anb) + ǫ nb (∇
aE
(M)
a ) (2.8)
(1− ǫ κ)
{
[(∇ana)nb + (n
a∇anb)]E
(H)
+ nb (n
a∇aE
(H)
)
}
+ κ∇bE
(H)
= 0 .
The ‘parallel’ and ‘orthogonal’ parts of (2.8) read then as
ne∇eE
(H)
+ ǫ hefDeE
(M)
f = (1− ǫ) (n
e∇en
b)E
(M)
b − ǫ (1− ǫ κ) (∇en
e)E
(H)
,(2.9)
hafne∇eE
(M)
f + ǫ κ h
afDfE
(H)
= − hafE
(M)
f (∇
ene)−E
(M)
e (∇
enf) h
fa (2.10)
− ǫ (1− ǫ κ) haf (ne∇enf )E
(H)
,
where the relations ǫ2 = 1 and
∇aE
(M)
a = D
aE
(M)
a − ǫ (n
a∇an
b)E
(M)
b (2.11)
have been used, and Da denotes the unique torsion free covariant derivative operator
associated with hab.
Although (M, gab) may not have anything to do with time evolution we shall refer
to a vector field σa on M as an ‘evolution vector field’ if the relation σe∇eσ = 1
holds. Notice that this condition guaranties that σa nowhere vanishes nor becomes
tangent to the σ = const level surfaces. The unit normal na to these level surfaces
may always be decomposed as
na =
1
N
[(∂σ)
a −Na] , (2.12)
where N and Na denotes the ‘laps’ and ‘shift’ of the ‘evolution’ vector field σa = (∂σ)a
defined as
N = ǫ (σene) and N
a = hae σ
e , (2.13)
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respectively. Taking these relations into account, equations (2.9) and (2.10)—when
writing them out explicitly in some local coordinates (σ, x1, . . . , xn) adopted to the
vector field σa and the foliation {Σσ}—can be seen to take the form 2{(
1
N
0
0 1
N
hij
)
∂σ +
(
− 1
N
Nk ǫ hik
ǫ κ hjk − 1
N
Nk hij
)
∂k
}(
E
(H)
E
(M)
i
)
=
(
E
E j
)
, (2.14)
where, in virtue of (2.9) and (2.10), E and E j are linear and homogeneous expressions
of E
(H)
and E
(M)
i . It follows immediately that the coefficient matrices of the partial
derivatives are symmetric if κ = 1 and, in addition, the coefficient of ∂σ is also positive
definite provided that the induced metric hij is positive definite.
Hereafter we shall assume that κ = 1 and that hij is positive definite. The latter
occurs if the σ level surfaces are spacelike allowing the signature of metric gab to be
either Lorentzian, with ǫ = −1, or Euclidean, with ǫ = +1, respectively. In these
cases (2.14) comprises a first order symmetric hyperbolic linear and homogeneous
system
Aµ ∂µv + B v = 0 (2.15)
for the vector valued variable v = (E
(H)
, E
(M)
i )
T . As these type of equations are guar-
anteed to have identically vanishing solution for vanishing initial data the ‘Hamil-
tonian’ and ‘momentum’ expressions will be guaranteed to vanish throughout the
domain of existence of solutions to the evolutionary system (2.6), with κ = 1, pro-
vided they vanish on one of the slides of the foliation {Σσ}.
By combining the above observations we have the following:
Theorem 2.1 Let (M, gab) as described in Section 1 such that the metric induced
on the σ = const level surfaces is Riemannian. Then, regardless whether gab is of
Lorentzian or Euclidean signature, any solution to E
(EVOL)
ab = 0, with κ = 1, is also a
solution to the full set (1.1) provided that E
(H)
and E
(M)
a vanish on one of the level
surfaces.
It is a remarkable property of (2.14) that ǫ and κ do not show up in the coefficient
of ∂σ, and once κ = 1 is chosen all the coefficients Aµ in (2.15) are guaranteed to be
symmetric regardless of the value of ǫ.
2The spatial indices of the pull backs of geometrical objects to the σ = const slices yielded in the
applied 1 + n decomposition will be indicated by lowercase Latin indices from the second half and
they will be assumed to take the values 1, . . . , n.
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3 The explicit forms
In exploring some of the consequences of Theorem 2.1 we shall need the explicit forms
of the constraint expressions and the evolutionary system. In spelling out them we
shall refer to the extrinsic curvature Kab which is defined as
Kab = h
e
a∇enb =
1
2
Lnhab , (3.1)
where Ln stands for the Lie derivative with respect to na.
The ‘Gauss’ and ‘Codazzi’ relations take the form
heah
f
bh
k
ch
d
jRefk
j=
(n)
Rabc
d − ǫ
{
KacK
d
b −KbcK
d
a
}
, (3.2)
heah
f
bn
khdjRefk
j=DbK
d
a −DaK
d
b , (3.3)
where
(n)
Rabc
d stands for the n-dimensional Riemann tensor associated with hab.
The various projections of the full Ricci tensor—which can be derived either by
contractions of the above two relations or that of the third non-trivial projection of
the full Riemann tensor, nahf bnchdjRefk
j—read as
heah
f
bRef =
(n)
Rab + ǫ
{
−LnKab −KabK
e
e + 2KaeK
e
b −
ǫ
N
DaDbN
}
, (3.4)
hean
fRef = DeK
e
a −DaK
e
e, (3.5)
nenfRef = −
{
Ln(K
e
e) +KefK
ef +
ǫ
N
DeDeN
}
, (3.6)
where
(n)
Rab stand for the Ricci tensor associated with hab.
Taking all the above relations into account we have
E
(H)
= nenfEef =
1
2
{
−ǫ
(n)
R + (Kee)
2 −KefK
ef − 2 e
}
, (3.7)
E
(M)
a = h
e
an
fEef = DeK
e
a −DaK
e
e − ǫ pa , (3.8)
E
(EVOL)
ab =
(n)
Rab + ǫ
{
−LnKab − (K
e
e)Kab + 2KaeK
e
b −
ǫ
N
DaDbN
}
− [Sab − e hab]
−
1
2
hab
{
(1− ǫ)
(n)
R − 2 ǫLn(K
e
e) + (1− ǫ) (K
e
e)
2 − (1 + ǫ)KefK
ef −
2
N
DeDeN
}
,
(3.9)
where e = nenf Gef , pa = ǫ heanf Gef and Sab = heahf b Gef .
For certain cases (in particular, whenever ǫ = −1) it is rewarding to do some
algebra by which it can be verified that
E
(EVOL)
ab −
1
n− 1
hab
(
E
(EVOL)
ef h
ef
)
= E˜
(EVOL)
ab , (3.10)
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where
E˜
(EVOL)
ab = h
e
ah
f
b
[
Rab −
(
Gab −
1
n− 1
gab [Gef g
ef ]
)]
+
1 + ǫ
n− 1
hab E
(H)
. (3.11)
In virtue of the above relations we have
Lemma 3.1 The evolutionary system (2.6) holds if and only if either
(i) the right hand side of (3.9), or
(ii) that of (3.11)
vanishes.
The right hand side of (3.11) can also be written as
E˜
(EVOL)
ab =
(n)
Rab + ǫ
{
−LnKab − (K
e
e)Kab + 2KaeK
e
b −
ǫ
N
DaDbN
}
(3.12)
−
(
Sab −
1
n− 1
hab[Sef h
ef + ǫ e]
)
+
1 + ǫ
2 (n− 1)
hab
{
−ǫ
(n)
R + (Kee)
2 −KefK
ef − 2 e
}
.
Note that by making use of the contractions e, pa and Sab our source term Gab
can be decomposed as
Gab = nanb e+ [na pb + nb pa] +Sab , (3.13)
while its divergence ∇aGab take the form [see also (A.8)]
∇aGab = e (K
e
e)nb + (K
e
e) pb + peK
e
b + nb (D
epe) +D
eSeb − ǫ nb (SefK
ef)
+ n˙b e+ nb Lne + Lnpb − peK
e
b − 2 ǫ (n˙
epe)nb − ǫ (n˙
eSeb) , (3.14)
where
n˙a := n
e∇ena = −ǫDa lnN . (3.15)
Taking then the ‘parallel’ and ‘orthogonal’ parts of (3.14),
∇aGab = 0 (3.16)
we get [see also (A.9) and (A.10)]
Ln e+D
epe + [ e (K
e
e)− 2 ǫ (n˙
e pe)− ǫK
aeSae ]= 0 , (3.17)
Ln pb +D
aSab + [−ǫSab n˙
a + (Kee) pb + e n˙b ]= 0 . (3.18)
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Notice that in deriving (3.17) and (3.18) only the vanishing of the divergence
∇aGab has been used. 3 We may replace Gab, for instance, by Eab. Accordingly, a
simultaneous replacement of e, pa and Sab by E
(H)
, ǫE
(M)
a and E
(EVOL)
ab + κ hab E
(H)
,
respectively, yields a system of equations which can be seen to be equivalent to (2.9)
and (2.10) whenever E
(EVOL)
ab = 0. Note also that if the term E
(EVOL)
ab is kept in
these latter equations they can be used to justify the following statement which is
complementary to that of Theorem 2.1.
Lemma 3.2 If the constraint expressions E
(H)
and E
(M)
a vanish on all the σ = const
level surfaces then the relations
Kab E
(EVOL)
ab = 0 , (3.19)
DaE
(EVOL)
ab − ǫ n˙
aE
(EVOL)
ab = 0 . (3.20)
hold for the evolutionary expression E
(EVOL)
ab .
4 Double decompositions
Once a 1+n splitting has been done one may be interested in performing a succeeding
1 + (n− 1) decomposition provided that the σ = const level surfaces are guaranteed
to be foliated by a one-parameter family of (n− 1)-dimensional hypersurfaces in Σσ.
Note, however, that before automatically adopting Theorem 2.1 and the equations
listed in the previous section the validity of all the assumptions made in deriving
them have to be inspected. The key requirement to be checked is the vanishing of the
covariant divergence of Gab. Therefore, once a 1 + n decomposition had been done,
before performing the succeeding 1 + (n− 1) splitting, we need to check whether the
new source term,
(n)
Gab, in
[
(n)
Rab −
1
2
hab
(n)
R ]−
(n)
Gab = 0 , (4.1)
does really have vanishing Da[
(n)
Gab] divergence. In doing so notice first that
heah
f
b [Ref −
1
2
gef R ] = h
e
ah
f
bRef −
1
2
habR (4.2)
and—by substituting (1.1) to the left hand side, whereas (3.4) and (A.1) to the right
hand side—the source term can be seen to read as
(n)
Gab = Sab − ǫ
{
−LnKab − (K
e
e)Kab + 2KaeK
e
b −
ǫ
N
DaDbN (4.3)
+ hab
[
Ln(K
e
e) +
1
2
(Kee)
2 +
1
2
KefK
ef +
ǫ
N
DeDeN
]}
.
3Relations analogous to (3.17) and (3.18) were derived first by York in context of the energy-
momentum tensor Tab in [8] (see also [4]).
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Notice that all the tensor fields involved in (4.3) are apparently fields defined
on the Σσ hypersurfaces thereby to proceed it suffices to ensure the existence of a
foliation of Σσ by a one parameter family of homologous codimension-two surfaces.
Taking then the Da-divergence of this relation and by commuting Lie and covari-
ant, as well as, covariant derivatives, by a tedious but straightforward calculation, it
can be verified that
Da[
(n)
Gab] = Ln pb +D
aSab + ǫLnE
(M)
b + ǫ (K
e
e)
[
E
(M)
b + ǫ pb
]
+ n˙a
[
−ǫ
(n)
Rab + LnKab + (K
e
e)Kab − 2KaeK
e
b +
ǫ
N
DaDbN
]
− n˙b
[
Ln(K
e
e) +KefK
ef +
ǫ
N
DeDeN
]
. (4.4)
By inspecting (3.4) and (3.6), and the coefficients of n˙a and n˙b in (4.4) it can be
recognized that they are equal to −ǫ heahf bRef and nenfRef , respectively. Taking
then into account (1.1), along with Gab = Rab − 12gabR, we get
heah
e
aRef = Sab −
1
n− 1
hab [Sef h
ef + ǫ e] (4.5)
nenfRef = e−
ǫ
n− 1
[Sef h
ef + ǫ e] . (4.6)
These relations, along with (4.4), imply that
Da[
(n)
Gab] = 0 (4.7)
is equivalent to
Ln pb+D
aSab+[−ǫSab n˙
a + (Kee) pb + e n˙b ]+ǫ
[
LnE
(M)
b + (K
e
e)E
(M)
b
]
= 0 . (4.8)
In virtue of (3.18) and (4.8) the integrability condition (4.7) is guaranteed to hold
whenever hf b∇a Gaf = 0 and E
(M)
b = 0 on each of the σ = const level surfaces.
In summarizing the above observations we have the following
Proposition 4.1 The integrability condition (4.7) holds on Σσ if h
f
b∇
a Gaf , the
momentum constraint expression E
(M)
b and its Lie derivative LnE
(M)
b vanish there.
In interpreting this result recall first that—by our assumptions concerning the
source term for (1.1)—the projection hf b∇a Gaf vanish throughout Σσ. In addition,
in virtue of Theorem 2.1 the Lie derivative of both the Hamiltonian and momentum
constraint expressions vanish throughout Σσ if they themselves vanish on Σσ and
the evolutionary system holds. Thus, as far as we prefer to solve first both the
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Hamiltonian and momentum constraints only on Σσ we have to solve the reduced
evolutionary system in M . In this case Proposition 4.1 has no use as it can guarantee
the integrability condition for the reduced system after the solution has been found.
Note, however, that Proposition 4.1 allows a redistribution of the simplifications
guaranteed by Theorem 2.1. Namely, if we solve the momentum constraint on the
entire base manifold in virtue of Theorem 2.1 and Proposition 4.1 besides solving the
Hamiltonian constraint on Σσ and instead of solving the full reduced system on M
it suffices to solve the second level of Hamiltonian and momentum constraints on a
codimension-two surface in M whereas the corresponding new reduced evolutionary
system (formally only) on Σσ. By repeating this type of formal splittings 4 and solving
always the yielded new momentum constraints the entire process can be applied
inductively provided that product structure of the manifold allows it to be done.
Applying this process, e.g. to the conventional Cauchy problem in the Lorentzian
case one may get on a suitable intermediate level a mixed elliptic-hyperbolic systems
from Einstein’s equations as it is done for a specific gauge choice in [1].
5 Final remarks
In answering the question raised in the title the main results of this paper makes it
clear that some of the basic techniques developed for 1 + n splitting of Lorentzian
spacetimes do also apply to spaces with Riemannian metric. The most remarkable as-
pect here is that regardless whether the metric is of Euclidean or Lorentzian signature
the subsidiary equations—these can be derived for the ‘Hamiltonian’ and ‘momen-
tum’ type expressions, by making use of the Bianchi identity—are hyperbolic. This
guaranties that in both cases the solutions to the ‘reduced’ set of equations are also
solutions to the full set of Einstein’s equations (1.1) provided that the constraints
hold on one of the hypersurfaces foliating the base manifold. Having been the first
1+n type decomposition performed it is important to know if there may be room for
further simplifications in a succeeding 1 + (n− 1) type decomposition. According to
our findings there is no way to acquire new simplifications in a secondary splitting.
It is remarkable that the new results apply regardless whether the primary space is
Riemannian or Lorentzian.
Having our results it would be useful to know whether they can be applied in
solving some specific problems. To indicate that even in one of the simplest possible
setup some non-trivial implications may follow let us consider the following example.
Start with a four-dimensional Riemannian space foliated by a two-parameter family
of homologous two-surfaces. Then—by making use of a suitable gauge fixing—the
4This could be done at most n-times which is the number of the equations involved in the original
momentum constraint.
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constraint equations can be seen to comprise a coupled parabolic-hyperbolic system,
whereas the ‘evolutionary system’ is comprised by coupled elliptic equations. The
system corresponding to the constraint equations is under-determined and it has to
be solved on one of the Σσ hypersurfaces as a boundary-initial value problem with
initial data specified on one of the codimension-two surfaces foliating Σσ. The other
elliptic system corresponding to the ‘evolutionary’ one in the present case has to
be solved on the entire of the base manifold M with boundary value yielded by
the aforementioned parabolic-hyperbolic boundary-initial value problem on Σσ (see
e.g. [5]).
The results covered by this paper have also applications in the conventional
Cauchy problem and in the initial boundary value problem. In [5] it is demonstrated
that the dynamics of four-dimensional spacetimes foliated by a two-parameter family
of homologous two-surfaces can be interpreted as a two-surface based ‘geometrody-
namics’, whereas in [6]—by making use of Proposition 4.1, along with the fact that
the results covered by Sections 3 and 4 did not require any restriction on signature of
the metric induced on the Σσ hypersurfaces—some of the unsettled issues such as the
geometric uniqueness in the metric based formulation of the initial boundary value
problem will be addressed.
It is worth emphasizing that concerning the metric only (1.1) had been used.
This, besides the Riemannian or Lorentzian spaces satisfying Einstein’s equations,
allows many other theories, as well. 5 In particular, our assumptions are satisfied by
the ‘conformally equivalent representation’ of higher-curvature theories possessing a
gravitational Lagrangian that is a polynomial of the Ricci scalar. Note also that the
inclusion of metrics with Euclidean signature may significantly increase the variety
of theories to be covered although no attempt has been made here to explore these
aspects.
Let us finally mention that irrespective of the simpleness of the observations made
here they may have interesting applications elsewhere. It would be useful to know
whether they could be used in string and brane theories, and also in various other
alternative higher dimensional Riemannian and Lorentzian metric theories of gravity.
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A Appendix:
This section is to provide some useful relations. These had been applied in deriving
several relations in Section 3, and their adopted form will also be applied in our
upcoming papers [5, 6]. As our generic results are applicable in arbitrary dimension
and to spaces with metric of Euclidean or Lorentzian signature we believe that these
relations will find several applications.
It has been used implicitly in deriving (3.6) and it plays some role elsewhere so it
is useful to give the generic relation of the scalar curvatures which reads as
R =
(n)
R + ǫ
{
−2Ln(K
e
e)− (K
e
e)
2 −KefK
ef −
2 ǫ
N
DeDeN
}
. (A.1)
Consider now a co-vector field La on M foliated by the σ = const hypersurfaces.
Then La can be decomposed in terms of na and fields living on the σ = const level
surfaces as
La = δ
e
a Le = (h
e
a + ǫ n
ena)Le = λna + La (A.2)
where
λ = ǫ ne Le and La = h
e
a Le . (A.3)
Making use of this decomposition the covariant derivative∇eLa and the divergence
∇eLe can be decomposed as
∇eLa = [Deλ+ ǫ ne Lnλ ] na + λ (Kea + ǫ nen˙a) +DeLa − nena (n˙
fLf) (A.4)
+ ǫ
{
ne LnLa − ne LfK
f
a − na LfK
f
e
}
,
∇eLe = (h
ea + ǫ nena)∇eLa = Lnλ+ λ (K
e
e) +D
eLe − ǫ (n˙
fLf ) . (A.5)
Consider now a symmetric tensor Pab defined on M . Note first that Pab can be
decomposed in terms of na and fields living on the σ = const level surfaces as
Pab = pi nanb + [na pb + nb pa] +Pab , (A.6)
where pi = nenf Pef , pa = ǫ heanf Pef and Pab = heahf b Pef .
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Then, the covariant derivative ∇ePab can be decomposed as
∇ePab = pi [ (Kea + ǫ nen˙a)nb + (Keb + ǫ nen˙b)na ] + [Depi + ǫ ne Lnpi ] nanb
+ (Kea + ǫ nen˙a)pb + (Keb + ǫ nen˙b)pa
+ na
[
Depb + ǫ
{
ne Lnpb − ne pfK
f
b − nb pfK
f
e
}
− nenb (n˙
fpf )
]
+ nb
[
Depa + ǫ
{
ne Lnpa − ne pfK
f
a − na pfK
f
e
}
− nena (n˙
fpf)
]
+
[
DePab + ǫ
{
ne [LnPab −PfbK
f
a −PafK
f
b ]− naPfbK
f
e − nbPafK
f
e
}
− nenb (n˙
fPaf)− nena (n˙
fPbf)
]
, (A.7)
while the contraction ∇aPab reads as
∇aPab = pi (K
e
e)nb + (K
e
e)pb + nb (D
epe) +D
ePeb − ǫ nb (PefK
ef )
+ n˙b pi + nb Lnpi + Lnpb − 2 ǫ (n˙
epe)nb − ǫ (n˙
ePeb) . (A.8)
The parallel and orthogonal parts of (A.8) simplify as
(∇aPae) h
e
b = (K
e
e)pb +D
ePeb + n˙b pi + Lnpb − ǫ n˙
ePeb , (A.9)
(∇aPae)n
e = ǫ [pi (Kee) +D
epe − ǫPefK
ef + Lnpi − 2 ǫ n˙
epe ] . (A.10)
It also follows from (A.7) that
∇aP
e
e = ǫ [Dapi + ǫ na Lnpi ] +Da(P
e
e) + ǫ na Ln(P
e
e) , (A.11)
with parallel and orthogonal parts
(∇fP
e
e) h
f
a = ǫDapi +Da(P
e
e) (A.12)
(∇fP
e
e)n
f = ǫLnpi + Ln(P
e
e) . (A.13)
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